Abstract. Pre-Hamiltonian matrix operators in total derivatives are considered; they are defined by the property that their images are subalgebras of the Lie algebra of evolutionary vector fields. This construction is close to the Lie algebroids over infinite jet spaces. We assign a class of these operators and the brackets induced in their pre-images to integrable KdV-type hierarchies of symmetry flows on hyperbolic Euler-Lagrange Liouville-type systems (e.g., the 2D Toda lattices associated with simple Lie algebras).
In this paper we assign an infinite class of matrix pre-Hamiltonian operators and the corresponding brackets to symmetry algebras of Liouville-type Euler-Lagrange systems (in particular, to the 2D Toda lattice equations associated with the root systems of semi-simple Lie algebras [22, 30] ).
The paper is organized as follows. In sec. 1 we describe algebraic properties of preHamiltonian operators. We recall that the problem of constructing pre-Hamiltonian operators is naturally related to classification of the Lie algebroids over infinite jet spaces. Next, in sec. 2 we give new examples of (matrix) operators related to integrable systems. Our main result is contained in sec. 3 where we associate the operators and the brackets {{, }} to the Liouville-type Euler-Lagrange systems; to this end, we describe the generators of their symmetry algebras using a result of [15] . Similarly, we derive a one-parametric family of pre-Hamiltonian operators from the symmetry structure of the extended Liouville equation (see [16] ), which is obtained using the Gardner deformation of the KdV equation. In appendix A we summarize important properties of the Hamiltonian operators. In appendix B we describe a method and consider an example of reconstructing the Lie-/type bracket in the inverse image of a pre-Hamiltonian operator.
Throughout the text, we accept the notation and definitions of [21] and [15] .
Remark 1. We confine ourselves to the local setting and thus consider local matrixvalued differential operators in total derivatives. However, we suppose that nonlocal preHamiltonian operators exist and can be managed by using techniques similar to [9, 13] . Also, we expect that the structures (κ, A :κ → κ, {{ , }} A ) over the infinite jet spaces belong to the first cohomology group of a certain complex such that the Hamiltonian subtheory is the homologically trivial component.
Pre-Hamiltonian operators
Let us first introduce some notation and recall the classical notion of a Hamiltonian operator (see [13, 21] ). By definition, put f [u] = f (u, u x , . . .), here u denotes the components of a vector t (u 1 , . . ., u m ), and let E denote the variational derivative with respect to u. Consider the space of functionals H = H[u] dx such that the elements of the space are equivalent if they differ by the exact terms d h η, d h being the horizontal differential. The standard concept of Hamiltonian dynamics for PDE is based on the notion of the Poisson structure {H 1 , H 2 } A = E(H 1 ), A(E(H 2 )) of two Hamiltonians H 1,2 , which is induced by a skew-adjoint Hamiltonian operator A such that the bracket { , } A satisfies the Jacobi identity. The Lie algebra of Hamiltonian evolutionary vector fields З A(E(H)) is assigned by A to the space of Hamiltonians H. Then the Poisson bracket { , } A in the Lie algebra of Hamiltonians is correlated with the commutator [ , ] in the Lie algebra of the vector fields З A(·) : the skew-adjoint operator A in the Poisson bracket E(H 1 ), A(E(H 2 )) coincides with the operator A that defines a subalgebra of evolutionary fields З A(E(H)) . Thus we have
The approach of [33] suggests to reverse the status of the two Lie algebra structures [ , ] im A and { , } A , giving a priority to the commutators of vector fields. 
Two pre-Hamiltonian operators are called compatible if their arbitrary linear combination is pre-Hamiltonian.
Remark 2. Every Hamiltonian operator is pre-Hamiltonian. Indeed, the Hamiltonianity criterion in Proposition 6 gives the formula for the bracket {{ , }} A in the inverse image of a Hamiltonian operator A,
This demonstrates that the pre-Hamiltonian formalism is a true generalization of the Hamiltonian approach to nonlinear evolutionary PDE.
In the Hamiltonian case, the correlation between the commutator [ , ] of the fields З A(E(·)) and the Poisson bracket { , } A is such that the Koszul formula
is valid for any ψ 1 , ψ 2 including the case of exact sections ψ i = E(H i ). Here we recall that the variational derivative E is determined by the restriction of the Cartan differential d C onto the senior cohomologyH n (π) and hence the correlation {{E(
Formula (3) does not remain valid for arbitrary pre-Hamiltonian operators, which are generally not skew-adjoint. In appendix B we describe a procedure that reconstructs the bracket {{·, ·}} A for an operator A whose closure of the image is established by exterior considerations; this happens, in particular, for the operators that factor symmetries of some ambient differential equations, see section 3.
From Remark 2 it follows that the use of pre-Hamiltonian operators can be a helpful intermediate step in the search and classification of Hamiltonian structures. An advantage of this approach is that it is easier to solve first the equation (2) for the operators and filter out skew-adjoint solutions rather than to solve the Jacobi identity in the form of (3) . Then, by a criterion contained in Proposition 6, a skew-adjoint pre-Hamiltonian operator A is Hamiltonian iff the associated bracket {{ , }} A is equal to the r.h.s. of (3) . Also, we note that no restriction onto a differential equation E = {u t = A(E(H))} is a priori required [13] such that A :κ(E) → κ(E).
Remark 3. Contrarily to the Hamiltonian case (see Proposition 7), pre-Hamiltonian operators do not generally mapκ(E) to κ(E) for any explicitly defined equations E; nevertheless, see Example 2.4 for two operators that respect this property for a certain system. At the same time, a class of pre-Hamiltonian operators that mapκ(E) to symmetries κ(E ′ ) of different equations related by substitutions w : E ′ → E is considered in sec. 3, see [15] for further details. As we show in Example 3.3, the 'multi-preHamiltonianity' is somewhat typical for these evolutionary systems.
Since one can take compositions of differential substitutions, Remark 3 motivates the following question: suppose a pre-Hamiltonian operator is divisible by another, then what is the correlation between their associated brackets? The answer indicates a property of pre-Hamiltonian operators that does not have an analog in the standard Hamiltonian case.
Proposition 1 (The chain rule, [29] ). Suppose the operators A and A ′ = A • are pre-Hamiltonian; then the brackets {{ , }} A and {{ , }} A ′ are related by the formula
for any ξ 1 and ξ 2 . The proof is straightforward.
Proposition 1 is illustrated, in particular, by the infinite sequences of operators found in [33] and studied in [29] , see Example 2.1 below. This assertion provides a considerable simplification of the search for new pre-Hamiltonian operators using known ones.
Examples of pre-Hamiltonian operators
In this section we give several examples of pre-Hamiltonian operators. First we consider operators that form infinite sequences in agreement with Proposition 1, see Examples 2.1 and 2.2. Next, in Example 2.3 we classify scalar first order pre-Hamiltonian operators with first order coefficients. Then we find operators related to integrable systems, the dispersionless 3-component Boussinesq equation [14] and the (2 + 1)D 'heavenly' Toda equation [18] (see Examples 2.4 and 2.5, respectively).
Example 2.1. Historically, the first class of scalar pre-Hamiltonian operators regarded in view of Definition 1 was studied in [33] . In [29] Gelfand's symbolic method [6] was applied and it was argued that this class is infinite and contains the operators
1 • (D x + 2u); here the superscripts denote the differential order and the subscripts enumerate operators of equal order. Also, there are two operators
for any odd n ≥ 5 and there are four operators
for any even n ≥ 6. These operators are homogeneous w.r.t. the weights |u| = |D x | ≡ 1, and here the weights coincide with the differential orders. None of these operators is Hamiltonian. The brackets {{ , }} A (n) i are reconstructed from the vanishing bracket for A by using the chain rule (see Proposition 1). It is unknown whether operators (4), which are factored to products of primitive first order operators with integer coefficients, exhaust all pre-Hamiltonian operators with differential polynomial coefficients and homogeneous w.r.t. the weight |u| = |D x | = 1. u xxx + 3uu x (we have |D t | = 3). Using the method of undetermined coefficients, we performed the search for scalar pre-Hamiltonian operators that are homogeneous w.r.t. the weights not greater than 7. We obtained the structures A
of the former, and the Hamiltonian operator
x . Also, there are four nonskewadjoint pre-Hamiltonian operators
Finally, we find the operators that contain arbitrary functions: f (u)D n x and f (u)u 2 with the vanishing brackets and also
The formula (3) is not valid for any of these non-skew-adjoint operators.
Example 2.3 (Scalar first order operators). The complete description of scalar preHamiltonian operators
where α is a constant and the functions β, γ are arbitrary, provided that c ≡ 0. The proof is by direct calculation.
We have specified the infinite sequences of pre-Hamiltonian operators obtained by a straightforward calculation in local coordinates. Now let us consider the operators that are related to symmetry structures for PDE and which are coordinate-independent. This will be also true for the operators that arise from the Liouville-type systems, which are studied in sec. 3.
Example 2.4 (The dispersionless 3-component Boussinesq system). The right-hand side of the 3-component dispersionless Boussinesq system (see [10] ; this system is equivalent to the Benney-Lax equation)
belongs to the images of the operators A 1 , A 2 found in [14] and such that
3 ), and A 2 = a ij has the components a 11 = ww x + v x , a 12 = −3u x w − uw 1 , a 13 = u x ; a 21 = −3u x w − uw x ,
Both operators map the spaceκ of generating sections of conservation laws to the Lie algebra κ of symmetries for this equation [14] . We note that these two operators are pre-Hamiltonian. The respective u-, v-, and w-components of the bracket {{ , }} A 1 in the inverse image of A 1 are
The bracket {{ , }} A 2 associated with the operator A 2 is
The linear combinations λA 1 + µA 2 are pre-Hamiltonian operators for all λ, µ (that is, they are compatible), and they yield the first Hamiltonian structure for equation (5) if λ : µ = 2. The bracket in its inverse image is obtained by formula (3), which is not valid for each of the operators A 1 and A 2 separately.
We end the collection of examples with an operator that is related to symmetries of a non-evolutionary (2 + 1)-dimensional equation.
Example 2.5 (The 'heavenly' Toda equation). Generators of the point symmetry algebra for the (2 + 1)-dimensional 'heavenly' Toda equation u xy = exp(−u zz ) have the form (see [18] and references therein) ϕ
x =ˆ x φ(x) or ϕ y =ˆ y φ(y) , wherê
Clearly, the commutator of any two point symmetries of x-or y-type is a same type point symmetry again such that the action ofˆ on the spaces of free functional parameters is defined by the Wronskian,
This bracket is actually scattered throughout this text.
The operators (6) factor the symmetries u t =ˆ (φ) that determine evolutionary vector fields on a certain ambient equation. This approach to constructing pre-Hamiltonian operators is very productive, as we shall see in the next section.
Factorizations of symmetries of Liouville-type systems
In this section we describe an infinite class of pre-Hamiltonian operators and the brackets {{ , }} induced by them. These operators appear in factorizations of symmetries of the hyperbolic Liouville-type Euler-Lagrange nonlinear systems [2, 30, 31, 33] .
Definition 2 ([33])
. A Liouville-type system E L is a system {u xy = F (u, u x , u y ; x, y)} of hyperbolic equations which possesses the integrals w 1 , . . ., w r ;w 1 , . . ., The (higher) symmetries ϕ of the Liouville-type systems E L are factored by differential operators ,¯ that originate from the integrals for E L : we have
where the sections φ andφ are arbitrary. We claim that some of these factoring operators are pre-Hamiltonian. 
This equation is ambient w.r.t. the hierarchy of Gardner's deformation of the potential modified KdV equation, see [16] . The contraction U = U(ε, [u]) from (8) to the nonextended equation
arcsinh(2εu x ) and determines the third order integral for (8) using the one at ε = 0, see Example 3.1. However, the regularized minimal integral of second order for (8) is
2 + u xx 1 + 4ε 2 u 2 x ; the second integralw isw = u yy − u 
factor symmetries of (8) . We emphasize that operators in the family (9) assign higher symmetries ϕ = φ(x) of (8) to functions on the base of the jet bundle whenever ε = 0, while the operator¯ always determines classical symmetriesφ =¯ φ (y) .
Both operators and¯ are pre-Hamiltonian. The bracket {{p, q}}¯ = p y q − pq y for is standard; the bracket induced in the inverse image of is contained in appendix B.
The surprisingly high differential orders of {{ , }} with respect to its arguments and the coefficients is motivated by the presence of higher order derivatives of u in (9).
The scalar Liouville-type equations are studied in [33] and their symmetries are further analyzed in [2] . The operators that factor Noether's symmetries of the EulerLagrange Liouville-type systems u xy = F (u; x, y) and the brackets {{ , }} induced by the commutation in their inverse images are constructed in [15] ; in what follows, we discuss this procedure in more detail. The general case u xy = F (u, u x , u y ; x, y) of the Euler-Lagrange Liouville-type systems is considered in [31] , where a version of Theorem 3 below is formulated; however, no method for reconstructing the brackets {{ , }} is described there.
A class of pre-Hamiltonian operators is associated with the factorizations of symmetries of the Euler-Lagrange Liouville-type systems; moreover, the brackets {{ , }} in the inverse images of can be obtained explicitly. This is readily seen by the following argument. 
Theorem 3.
Under the assumptions and notation of Proposition 2, the section
is a (higher ) symmetry of the Liouville-type equation E L for any φ = t (φ 1 , . . . , φ r ).
Proof. The proof is standard; it is analogous to one for Lemma 5, see [21] , with the only alteration in the jet space at hand. Namely, consider the jet bundle over the fiber bundle with the base R ∋ x and the fibers R r with coordinates w 1 , . . . , w r . By Proposition 2, the statement of the theorem is valid for any r-tuple φ on the base. Now recall that is an operator in total derivatives, whence the assertion follows.
The commutator of two symmetries ϕ ′ = φ ′ and ϕ ′′ = φ ′′ of a Liouville-type system is a symmetry of the same form again if the integrals w used in (10) are minimal. Corollary 4 assigns pre-Hamiltonian operators to Euler-Lagrange Liouville-type systems. Recall that the integrals w = (w 1 , . . . , w r ) for E L determine the substitutions from E L and their higher symmetry algebras to the wave equations and their symmetries, respectively [15, 16] . The operators factor the higher Hamiltonian structureŝ
for the hierarchies in the image of the substitutions w = w[m [u] ], see [15, diagram 5] , such that the brackets {{ , }} in the inverse image of are equal to the brackets {{ , }}Â k induced by the Hamiltonian operatorsÂ k and hence are calculated by formula (3). We conclude that the 'multi-pre-Hamiltonianity' is natural for the hierarchies that admit substitutions defined by non-minimal integrals of the Liouville-type systems. Here we note that the pairs ( , {{ , }} ) are constructed by using the Liouville-type systems with a priori known groups of conservation laws. A x . The minimal integrals of system (11) are
factors the (Noether) symmetries of (11) . The bracket {{ , }} induced in the inverse image of the pre-Hamiltonian operator is
, where ψ = (ψ A , ψ B ) and χ = (χ A , χ B ). Thus we have obtained an extension of the Wronskian-based bracket for the second Hamiltonian structure of KdV, see Example 3.1.
Next, let us choose the non-minimal pair of integrals, u = w 2 , v = w 1 + 1 4 w 2 2 and consider a symmetry of (11),
It is remarkable that the evolution
is the Kaup-Boussinesq system and (12) is actually the potential twice-modified KaupBoussinesq equation. The above reasonings imply that the right hand side of the integrable system (12) belongs to the image of the adjoint linearization˜ = ℓ
The pre-Hamiltonian operator˜ factors the third Hamiltonian structureÂ (13); we havê
The bracket {{ , }}˜ coincides with {{ , }}ÂKB
3
, which is given by formula (3):
where
Dx u Dx ; here we use an alternative notation for the components of the bracket.
Remark 4. Consider the Liouville-type systems that possess the complete sets of 2m integrals: r = m andr = m. By sligtly narrowing the class of these equations, let us consider the systems E L whose general solutions are parameterized by arbitrary functions f 1 (x), . . ., f m (x) and g 1 (y), . . . , g m (y). These equations are represented as the diagrams [16] 
where π x and π y are trivial fibre bundles R 2 ×R → R 2 such that f , w and g,w determine their sections, respectively. Now we observe that the pre-Hamiltonian operators associated with the exactly solvable Liouville-type systems E L can be understood as operators on the direct sums of the jet spaces.
Final remarks. In local coordinates, both κ = Γ(π * ∞ (π)) andκ = Hom(κ,Λ n ) are 'vector functions' whose components are smooth functions on the infinite jet space over the fiber bundle E π − − → M n . Hence one can regard the pre-Hamiltonian operators as the second Lie algebra structure on the identified space. However, we preserve the distinction between the evolutionary vector fields and the Cartan 1-forms, which are dual to them.
The problem of constructing pre-Hamiltonian operators extends the R-matrix formalism and provides generalized Yang-Baxter (YB) equations. A relation between pre-Hamiltonian operators and the YB equations is recognized as follows; first we recall the notion of an R-matrix. Let g be a Lie algebra equipped with the Lie bracket [ , ] . A linear map R : g → g such that the bracket [a, b] R = [Ra, b] + [a, Rb] is a second Lie product on g/ ker R is called the classical R-matrix [1, 12] . A sufficient condition for R to be an R-matrix is that R satisfies the Yang-Baxter equation YB(q):
Now let A be a pre-Hamiltonian operator whose image lies in the Lie algebra κ of evolutionary vector fields on a jet space and set R(·) := З A(·) . Then we obtain the YB-type equation
which is parameterized by the brackets {{ , }} A rather by the constant q ∈ R; now R / ∈ Aut κ. The pre-Hamiltonian operators A specify solutions of these YB-type equations.
We discover that one bracket {{ , }} A can correspond to several pre-Hamiltonian operators A. For example, the second structure A = pq x − p x q, which is also induced by the operator D x • (D x + u) discovered in [33] .
Remark 5. A recent version [8, 24] of the Darboux theorem for (1 + 1)D evolutionary PDE implies that the Poisson structures A for non-exceptional systems are transformed to const · d/dx. The bracket {{ , }} A is then zero; hence the Poisson structures for PDE yield a vast class of solutions for the classical YB(0) with g = κ. It would be of interest to find analogs of the standard projector solutions R = P + − P − for the generalized YB equations related to the Lie algebra of evolutionary vector fields.
Appendix A. Properties of Hamiltonian operators
Here we review basic properties of the Hamiltonian operators. Following [21, §7.8], we recall a criterion of Hamiltonianity for an operator A; it yields an alternative formula for the argument of A in the r.h.s. of (1).
n be a vector bundle over an n-dimensional manifold, J ∞ (π) be the infinite jets over this bundle, κ(π) be the C ∞ (M)-module of evolutionary derivations, andκ(π) = Hom C ∞ (M ) (κ,Λ n ) be its dual. Consider an operator J ∈ CDiff (l) (κ, P ), which is skew-symmetric w.r.t. its l arguments that belong toκ and which takes values in a C ∞ (J ∞ (π))-module P . If for all ω 1 , . . ., ω l ∈H n (π) one has J(E(ω 1 ), . . . , E(ω l )) = 0, then A ≡ 0.
Thus the following reformulation of the Jacobi identity J can be verified for elements ψ i ∈ im E only. (14) and (15), see below, contain higher order derivatives of u that are not present among the arguments of c.
The inductive step is made by using the sections x α · 1 i and x β · 1 j . We obviously have that terminates the algorithm when holds. The differential order of the bracket {{ , }} A with respect to its arguments is estimated by calculating the Lie bracket {A(ψ 1 ), A(ψ 2 )} on the ℓ * -covering over J ∞ (π), see [13] , and by taking into account the Leibnitz rule in the right-hand side of (2).
Following the above algorithm and using the package [25] , we obtain the bracket in the inverse image of the pre-Hamiltonian operator (9) 
